Abstract. We study the Fredholm properties of Toeplitz operators with bounded symbols of vanishing mean oscillation in the complex plane. In particular, we prove that the Toeplitz operator with such a symbol is Fredholm on a standard weighted Fock space if and only if the Berezin transform of the symbol is bounded away from zero outside a sufficiently large disk in the complex plane. We also show that the Fredholm index of the Toeplitz operator can be computed via the winding of the symbol along a sufficiently large circle. We finish by considering Toeplitz operators with matrix-valued symbols.
Introduction
Toeplitz operators T f form one of the most important classes of nonselfadjoint operators and it is remarkable that so much can be said about their spectral properties. In Hardy spaces H p of the unit circle, each Toeplitz operator has a simple representation as an infinite matrix constant along the parallels to its main diagonal; in particular, the (i, j)-entry of T a is given by the Fourier coeffient a i−j of the measurable function a. In general, such representations do not exist for Toeplitz operators acting on other function spaces, such as Bergman spaces A p of the unit disk D and Fock spaces F p α of the entire complex plane C. Our focus here is on the Fredholm properties of Toeplitz operators T f on F p α , including the computation of the index formula and descriptions of the essential spectrum in terms (of the Berezin transformf ) of the bounded symbol f that generates T f . In particular, we generalize the results of Berger and Coburn [3] and Stroethoff [17] on the essential spectra of Toeplitz operators on the unweighted Fock space F 2 with bounded symbols f for which the corresponding Hankel operator H f is compact; that is, we show that for f ∈ L ∞ ∩ V MO
where cl X denotes the closure of the set X and V MO 1 stands for the functions of vanishing mean oscillation defined below. We also observe that
The importance of Fredholm theory, as a fundamental part of spectral theory, stems from the role it plays in (global) analysis, many other parts of mathematics and various applications. The study of the Fredholm properties of Toeplitz operators dates back to the 1950s when Hartman and Wintner showed that the essential range of a bounded symbol a : ∂D → C is contained in the essential spectrum of T a acting on the Hardy-Hilbert space H 2 . Since then there has been a steady increase in the study of spectral properties of Toeplitz operators on Hardy spaces and Bergman spaces, and in particular there is a good understanding of their spectral properties; for example, geometric descriptions of the spectra and essential spectra of Toeplitz operators have been obtained for several classes of symbols, such as continuous, piecewise continuous, (locally) sectorial, (semi) almost periodic, and Fisher-Hartwig symbols.
The situation regarding Toeplitz operators on Fock spaces is very different. While in the last ten years a considerable effort has been devoted to the study of boundedness, compactness and Schatten class properties of Toeplitz and Hankel operators on Fock spaces, see [10, 11, 12, 13, 14, 15, 16, 19] , much less attention has been paid to the other important properties of these operators in the setting of Fock spaces. In fact, there are only two articles, both published more than two decades ago, which deal with the Fredholm properties of Toeplitz operators acting on the standard Fock space F 2 , see [3, 17] , and one recent work in the other (weighted) Fock spaces F p α ; see [7] . The understanding of the Fredholm properties of Toeplitz operators in Hardy and Bergman spaces is significantly superior and we only refer to [5] for Hardy spaces and [18] for the Bergman space, which are the two leading monographs on the subject of Toeplitz operators and their Fredholm properties in these two function spaces.
Our goal is to improve the level of understanding of Fredholm theory of Toeplitz operators, review some known results that may be useful for further advances, and list open problems. We hope this will stimulate further research into Fredholm theory in Fock spaces and lead to discoveries of new symbol classes for which meaningful criteria for Fredholmness can be established as in Hardy and Bergman spaces. Our main results and their proofs are given in Section 4.
Preliminaries
For α > 0 and 1 ≤ p < ∞, we write L p α = L p (C, dµ pα/2 ) for the space of Lebesgue measurable functions with respect to the Gaussian measure
where dA is the standard area measure on the complex plane. Obviously, we have
The standard weighted Fock space F We write F p for the standard (unweighted) Fock spaces
if f is Lebesgue measurable on C and
The Fock space F 2 α is a Hilbert space with inner product given by
By the Riesz representation theorem, for w ∈ C, there is a unique function K w in F 2 α such that
which is called the normalized reproducing kernel function at z. It is well known that k z p,α = 1 for all z ∈ C and 1 ≤ p < ∞. Note that the reproducing kernel
α has the explicit form
We denote by P α the orthogonal projection of L 2 α onto F 2 α . The projection P α can be expressed as the following integral operator
for z ∈ C. For any α > 0 and 1 ≤ p ≤ ∞, the integral operator P α is a bounded projection of L p α onto F p α ; the boundedness in the endpoint cases is in stark contrast with the situation in Hardy and Bergman spaces.
For f ∈ L ∞ , α > 0, and 1 < p < ∞, we define the Toeplitz operator T a :
for f ∈ F p α . Clearly, T a and H a are bounded linear operators, and
for z ∈ C. We only deal with Toeplitz and Hankel operators with bounded symbols and only consider them on the Fock spaces F p α with 1 < p < ∞. Some references are given for unbounded symbols and generalized Fock spaces in the next section.
In order to derive useful formulas for Toeplitz and Hankel operators at the kernel function, we define three analytic self-maps of the complex plane. For λ ∈ C, set
The mapping t λ is called the translation by λ, and clearly τ λ = t −λ = t −1 λ and ϕ −1 λ = ϕ λ . The following useful formulas follow from a change of variables:
For λ ∈ C, using (11), we get
and further, using (16),
Similarly,
which will be used later together with the pointwise estimate
for z ∈ C (see Lemma 6.25 of [19] ).
Boundedness and compactness
In this section we study the fundamental properties of Toeplitz and Hankel operators that are needed in the study of their Fredholm theory. In particular, we recall some results on their boundedness and compactness in F 2 α , and then generalize some of the results to the other Fock spaces F p α . First, it is clear that if the symbol f is in L ∞ , then both the Toeplitz operator T a and the Hankel operator H a are bounded on F p α , and it is easy to see that
For unbounded symbols and measures as symbols, see [15] .
The following result of [2] provides a complete characterization of compact Toeplitz operators on F p α with bounded symbols. The characterization is given in terms of the Berezin transformf of the symbol f defined bỹ
For Toeplitz operators on the Fock space F 2 with symbols in BMO 1 , see [6] , and for operators on unweighted Fock spaces F p with 0 < p < ∞, see [9] . The following alternate characterization for Toeplitz operators on F 2 was proved in [17] . We generalize it to the other values of p.
as |λ| → ∞. Therefore, since the polynomials are dense in F p α (see [19, Proposition 2.9]), it follows that k λ → 0 weakly as |λ| → ∞, and hence T f k λ p → 0 as |λ| → ∞. Using (17), we get
where we also used a change of variables according to (16) . Thus,
Suppose that (b) holds. Then, using (17), we have
where 1/p + 1/p ′ = 1. By the previous theorem, T f is compact on F p α . A similar result holds for Hankel operators as seen in the following theorem, which was proved in [17] for Hankel operators from F 2 to L 2 and in [19] for Hankel operators on F 
As mentioned in [17] , when Hankel operators are acting on F 2 , the equivalence of (a) and (b) in the following theorem was obtained in [3] , while condition (d) was proved in [4] . An elementary proof of the theorem was given in [17] .
Theorem 4. Let f ∈ L
∞ and α > 0. Then the following statements are equivalent:
One remarkable difference between Fock, Bergman and Hardy spaces is that the equivalence of (a) and (b) in the preceding theorem is only true in Fock spaces. This is often explained by the lack of bounded analytic functions in F 2 α . We will study the Fredholm properties of Toeplitz operators with bounded symbols that satisfy an additional condition on their (mean) oscillation at infinity. These types of conditions are intimately related to the boundedness and compactness properties of Hankel operators. For r > 0, define the local oscillation of a continuous function f :
We say that f is of bounded oscillation and write f ∈ BO r if f is continuous and ω r (f ) is bounded on C.
We define the mean averagef r (z) of a locally integrable function f over B(z, r) byf
and say that f is of bounded average and write f ∈ BA |f (w)| p dA(w) < ∞.
We say that f is of vanishing oscillation and write f ∈ V O r if f ∈ BO r and (23) lim
Similarly, we say that f is of vanishing average and write
Finally, we say that a locally integrable function f is of bounded mean oscillation and write f ∈ BMO 
wheref ,f ∈ BO and f −f , f −f ∈ BA p . Analogous decompositions hold for functions in V MO p (see, e.g., [13] or [19] ).
as |z| → ∞, which implies that f ∈ V MO p . The other case is analogous.
The following theorem characterizes simultaneous boundedness (and compactness) of Hankel operators H a and Hā; see [13] . It was first proved for Hankel operators on F 2 in [1]; see also [4] . Further generalizations to other Fock spaces F p φ can be found in [10] . The requirement that f K w ∈ L p α for all w ∈ C in the theorem is natural because linear combinations of the kernel functions K w form a dense subset of F 
Proof. Apply Theorems 4 and 6.
Proposition 8. The space L ∞ ∩V MO 1 equipped with · ∞ is a Banach algebra.
, and f g ∈ L ∞ . Therefore, by the previous proposition, it follows that the function f g is in L ∞ ∩ V MO 1 .
Fredholm theory
In this section we state and prove our main results. We start with the definition of Fredholm operators. Let T be a bounded linear operator on a Banach space X. We say that T is a Fredholm operator on X if
in which case we define the index of T to be ind T = d 1 − d 2 . The set of all Fredholm operators on X is denoted by Φ(X). The definition of Fredholm operators immediately gives rise to the concept of the essential spectrum σ ess (T ) of a bounded operator T on X defined by
where I is the identity operator on X. Clearly σ ess (T ) ⊂ σ(T ). A useful characterization of Fredholm operators can be given in terms of invertibility in the Calkin algebra; that is, T is Fredholm if and only if T + K(X) is invertible in B(X)/K(X).
We also recall that the index function is stable under small perturbations.
The following "approximation" result plays an important role in our analysis; cf. [3] . We say that a function f : C → C is bounded away from zero if there is a R > 0 and an m > 0 such that
Note also that in what follows, we only need the case of functions of vanishing oscillation. However, the other case may turn out to be of interest in further considerations of the essential spectra of Toeplitz operators.
Then f is bounded away from zero on C \ B(0, R) for some R > 0 if and only if there is a continuous function g ∈ A such that g(z)f (z) → 1 as z → ∞.
Proof. Suppose first that such a function g exists. Then gf − 1 vanishes at infinity. If f is not bounded away from zero for any R > 0, then there are z k ∈ C such that |z k | → ∞ and |f (z k )| → 0, and so
Conversely, suppose that there is an m > 0 such that |f (z)| ≥ m for |z| ≥ R. Denote by κ the winding number of f along the circle C R = {|z| = R}. Consider the function h defined by
for |z| ≥ R. Since wind h = 0 along ∂B(0, R), the function extends to a bounded continuous function on the whole complex plane which is bounded away from zero on C.
We show that h ∈ A. Suppose first that
Therefore,
which shows that h ∈ V MO 1 . Finally, we define a function F on C by setting
and let g = F/h. Then g ∈ A and g(z)f (z) = 1 for |z| ≥ R.
In 1987 Berger and Coburn [3] characterized Fredholm Toeplitz operators on the standard Fock space F 2 for bounded symbols of vanishing oscillation at infinity. Their approach was based on heavy machinery employing Hilbert space and C * -algebra techniques, making use of the properties of the Weyl operator, of the Berezin symbol, and of the Heisenberg group. These are by no means ideal techniques to be used in the Banach space context. In 1992 Stroethoff [17] gave a more elementary proof of Berger and Coburn's result using ideas which are more applicable in the setting of the standard weighted Fock spaces F p α . Before we state our main result we need the following results, which allows us to use the Berezin transform in our analysis.
Proof. Let ǫ > 0. By direct computation, there is an M > 0 such that
Since f ∈ V O, the last integral goes to zero as |z| → ∞, and the proof is complete.
Proof. Write f =f + (f −f ) as in (26). Thenf ∈ V O and f −f ∈ V A 1 . Since T f −f is compact, the standard Fredholm theory implies that T f is Fredholm if and only if Tf is Fredholm, which is equivalent tof being bounded away from zero by the preceding theorem.
Then the essential spectrum of T f on F p α with 1 < p < ∞ and α > 0 is given by
Proof. This follows from Theorem 13 and the fact that σ ess (T f ) = σ ess (Tf ), which is easy to see using Proposition 12 and standard Fredholm theory.
The description of the essential spectrum of T f in terms of Berezin transform f above comes useful becausef is continuous and hence the sets clf (C \ RD) are compact and connected, which immediately proves the following result.
We reduce the computation of the index of T f to that of Tz /|z| . To compute the index of the latter simple operator, we use the following two lemmas on weighted shift operators. Proof. Set g(z) = z/|z| for z ∈ C. If w = re iθ , then dA(w) = rdrdθ and
where e −iθ = λ. By the residue theorem,
where
for k ∈ N.
Matrix-valued symbols
Let N ∈ N, 1 ≤ p < ∞, and α > 0. We define
The vectorial Fock space Proof. In the first case, since the entries of T a commute pairwise modulo compact operators, Theorem 1.14 of [5] implies that T a is Fredholm if and only if det T a is Fredholm. By the previous lemma and Corollary 15, T a is Fredholm if and only if det a is bounded away from zero. The other case is analogous.
We conjecture that if a ∈ (L ∞ ∩ V O) N ×N and if det a is bounded away from zero for some R > 0, then (33)
ind T a = ind T det a = − wind (det a)| {|z|=R} .
Indeed, this true in some particular cases; e.g. when the entries of T a commute modulo trace class operators, which happens if and only if dA(z) < ∞ (see Theorem 8.26 of [19] ). Another particular case in which the index formula (33) holds is provided by Theorem 7.6 of [8] . Analogous index formulas hold for Toeplitz operators on Hardy and Bergman spaces.
